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Introduction
It is well documented from laboratory experiments that the attenuation of elastic waves

is amplitude depende:t at strains greater than 10-6. There exists therefore an intermediate

strain regime in which the deformation is not strong enough to cause macroscopic material

failure, but is large enough to affect wave propagation. Because the rheology depends on

amplitude, wave propagation is nonlinear, and reflects the influence of inelastic

mechanisms. In the high-strain regime, these mechanisms dominate and control the rate of

energy dissipation, but in the low-strain regime, their effects are masked by linear,

amplitude independent anelastic mechanisms.

The nonlinearity means that the analytical tools usually employed to solve wave

propagation problems are not valid in this intermediate-strain regime. This raises a number

of questions regarding the acquisition and interpretation of experimental data. For instanc-:
* In resonating bar experiments, Lorentz peaks become quite distorted and

asymmetric, and the interpretation of the half-power peak width in terms of Q-1 is

not strictly valid, since the predicted width of the Lorentz peak stems from a linear

perturbation treatment of the complex Helmholtz equation.

" In pulse propagation experiments, the use of spectral ratios to estimate Q-1 depends

implicitly on the validity of a linear theory. The use of rise times as Q-1 estimators

is also open to question since the relationship between rise time and attenuation has

been derived only in the linear case.

Nevertheless, linear analysis of laboratory data which clearly exhibit nonlinear traits is

attractive, in the sense that it yields fairly simple and apparently self-consistent results.

Furthermore, a reasonable physical interpretation appears feasible: their own experiments

have led Stewart et al. [19831 to propose a physical model based on Hertzian contacts

across cracks which generalizes the earlier models of Walsh [19661 and Mavko [1979].

The nonlinear regime must prevail within a range of scaled distances from a contained

explosive source, since strain amplitudes in the very near field are sufficient to cause

material failure, while far-field radiation falls clearly in the linear low-amplitude regime.

This intermediate strain, nonlinear zone contains the transition from what has traditionally

been called the "elastic" radius in numerical source models to the far-field, low-strain

(an)elastic regime. Minster and Day [ 1986] attempted to examine this and other issues by

comparing the decay of peak displacements and velocities for the Cowboy series with

laboratory results on salt obtained by Tittman [1983]. However, the algorithm they used is

inadequate since it does not satisfy local conditions both in time and space, and thus is



nonphysical. A better algorithm can be devised using the Pad6 approximations developed

by Day and Minster [1984, 1990], or the least-squares approximations of Witte [1989] and

Witte and Richards, [1990], although any procedure which depends on selecting Q as a

particular measure of (amplitude-dependent) attenuation is likely to be an inadequate

representation of the true physical processes.

In this paper, we present a series of simple, one-dimensional numerical experiments

designed to test the consistency of the models and laboratory results. When it comes to
wave propagation in a nonlinear medium, intuition developed from linear Q models is a

rather poor, often misleading guide, and our results are mixed, and do not seem to be easily

predictable from simple arguments. For example, Q-1 estimates derived from the half-

width of a resonance peak appear to be surprisingly accurate well into the nonlinear regime.

Similarly, the nonlinear interaction of one-dimensional pulses does not lead to strong

departures from linear superposition in the range of nonlinear behavior we have

considered. On the other hand, the propagation of a one-dimensional narrow pulse through

a medium with frequency-independent, but amplitude-dependent, Q is not described

accurately by an equivalent Q operator.

Laboratory constraints

Seismic attenuation depends on a large number of conditions. These include pressure,

temperature, porosity and saturation of the rock, and of course frequency and amplitude of

the propagating wave. The bulk of laboratory evidence accumulated to date indicates that

nonlinear processes are activated in rocks at strain levels above 10-6 [e.g. Mavko, 1979;

Johnston and Toksrz, 1980; Liu and Peselnick, 1979; Bulau et al., 1984]. Stewart et al.

[19831 reviewed the available data and conducted additional experiments in which
nonlinearity was shown to decrease markedly at confining pressures high enough to close

many cracks. They explain the observations with a model where attenuation for dry rock at

low to moderate confining pressure is caused by frictional work dissipation at crack

asperities in Hertzian contact. For large strains, the attenuation increases linearly with

strain amplitude and crack density, and decreases with confining pressure according to the

relation:

Q-I= Qa + k P 4( (I)

where k is a material constant, " is the crack density, e is the strain amplitude, and P the

confining pressure. Here Qa represents the linear attenuation controlled by anelastic

mechanisms that mask the nonlinear ones at low strain. Tittman [1983] showed that a
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similar amplitude dependence also holds for halite, both in the form of pressed salt and in

dome salt.

The experimental and analytical methods used to measure Q in the laboratory fall

generally in three main categories [e.g. Nowick and Berry, 19721:

1. Quasi-static measurements, in which we can include hysteresis loop techniques,

stress relaxation and creep recovery experiments.
2. Resonance experiments, in which a device with large external inertia is used to

control the period of free or forced resonance of the system. This class includes

torsion pendulum measurements and vibrating bar measurements.

3. Wave propagation experiments, which include both continuous wave and short

pulse measurements.
A important issue for our present purposes is that the experimental setup and data

reduction techniques used in many of these experiments are based on linear concepts. For

instance, in one type of hysteresis loop measurements, the phase angle 0 of stress-strain

cycles is evaluated by signal analysis, and attenuation is measured by Q- 1 = tan 0 which
holds as long as the rheology is linear. Similarly, in forced resonance experiments, the half
width Aw of the "Lorentz" peak is used to define Q-1 at or near the resonance frequency

wo, by the relation Q1 o(wo) = Aw / wo. Again, this equation is derived by linear

perturbation analysis of the resonant system, and holds in the low-loss case. In wave
propagation experiments, typical approaches involve the calculation of spectral ratios of
pulses propagated through the medium under study and through a high-Q reference

medium. Another approach is to measure the increase in rise-time of a pulse as it is

attenuated. Both methods rely implicitly on a linear analysis of pulse propagation. Of
concern is the fact that most documented observations of amplitude-dependent Q rely on

such techniques, and the relation (1), which clearly indicates nonlinear behavior, is actually
fitted to observations derived from a linear analysis. It is therefore legitimate to raise the

question of whether the interpretation of amplitude-dependent Q observations contains

internal inconsistencies, and possible biases. Furthermore, whereas our intuition is usually

a very good guide when it comes to gauging the effects of small perturbations in the linear

regime, this is no longer the case when nonlinearities dominate. Consequently, it is not a

foregone conclusion that the effects of nonlinear Q can be gauged with "back-of-the-

envelope" arguments.

A notable exception to the concerns raised above consists of hysteresis loop
experiments in which attenuation is defined by Q-1 = AE / 41r<E> [e.g. O'Connell and

Budiansky , 19781, where AE is the dissipated energy (measured by the loop area) and

<E> the average stored energy in the course of a cycle. The definition of Q- does not
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depend on the shape of the loop, which is elliptical in the linear regime and develops cusps

when nonlinearity appears at large strains [e.g. Brennan and Stacey, 1977; Liu and

Peselnick, 1983]. Coyner and Martin [19901 have recently shown that a correct

interpretation of such hysteresis loops leads to Q- 1 estimates for a variety of rock types

which are quite consistent with estimates obtained by other techniques. This includes the

monotonic increase of Q- 1 with strain amplitude at strains greater than 10- 6. This

consistency may be taken as a justification to accept published studies on nonlinear Q in

spite of the use of linear data analysis.

In an attempt to identify possible pitfalls and to evaluate quantitatively the predicted

effects of nonlinearity, we have conducted three groups of simple numerical experiments

with one-dimensional linear and nonlinear systems of the type that can ber described by

equation (1). They are:

1. simulations of forced vibration of nonlinearly damped one-dimensional oscillators,

to examine the distortion of Lorentzian peaks induced by nonlinearity,

2. tests of whether a pair of one-dimensional pulses propagating in opposite directions

in a nonlinear medium superpose quasi-linearly,

3. comparison of the results of spectral ratio analysis and pulse shape interpretations

(e.g. rise times) in both linear and nonlinear one-dimensional pulse propagation

simulations.

Numerical experiments

Model formulation

To perform the suite of experiments described above, we use an attenuation model

described by

Q-I=Ql + ye (2)

where - is the strain amplitude and yis a material constant. This is a specialization of

equation (1), which was introduced by Mavko 119791 and was subsequently used by

Minster and Day [ 19861.

For simulations of resonance experiments, we adopt a 3-parameter attenuation model

characterized by a single relaxation mechanism for simplicity. This mechanism is selected

to center the absorption band at the resonance frequency, so that the appropriate Q-1 value

is that at the center of the absorption band. In that case the attenuation model is completely

specified by awo, the center frequency of the band, Qo-' = Q-I(ooo), the attenuation at the

center of the band, and by a modulus or a wave velocity. In terms of a standard linear solid
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model [e.g. Nowick and Berry, 1972; Liu et al., 1976], the strain retardation and stress

relaxation times are given by:
- (4 o6 + +Q0)(3

Since we are interested in solving a quasi monochromatic problem, we can specify the

phase velocity co at the center frequency wo as the third model parameter. The relaxed and

unrelaxed moduli are then given by:

MR 2pc 2pc(

Although this model entails a frequency dependence of Q-1, with Q-1 increasing as ow at

frequencies less than wo, and decreasing as w-r at frequencies higher than wo, the

influence of frequency dependence is in fact negligible, because the width of the Debye

peak (the absorption band) is much larger than that of the Lorentz peak (the resonance) in

all calculations described below. In other words, Q-1 is essentially frequency-independent

in the range covered by the calculations. To simulate nonlinearity, we simply make Qo't

depend linadly on tie JzU±i-. wnplitude of the oscillations.

For pulse propagation experiments, we use the Pad6 approximant method described by

Day and Minster [19841, slightly modified to include poles at zero and infinite frequency,

as described by Day and Minster [1990]. This allows us to use a broad absorption band

(that is, broader than the frequency band covered by the finite-differencc algorithin), and to

specify the attenuation properties in each cell at each time step independently, based on the

current strain amplitude. This remedies the noncausal character of the calculations

performed by Minster and Day [ 19861.

Resonance experiment

In resonant bar experiments, amplitude is obtained as a function of frequency near a

normal mode of the sample. (The frequency of this mode is typically adjusted by addition

of large external inertia.) The amplitude and width of the resulting "Lorentzian" peak are

controlled by the attenuation - larger attenuation leads to a lower, broader peak. For linear

attenuation in which the width of the resonance peak is relatively narrow (e.g. Q-1 < -0.1),

the resonance peak is essentially symmetric (Figure la) and Q can be obtained simply from

the width of the peak at the half-power lcvcl, Q-1  (o2_wl)1ir. In the case of amplitude-
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dependent attenuation, the peak becomes distorted and is steeper on the lower frequency

side (see Figure lb). A simple argument to explain this distortion invokes the effect of the

amplitude dependence on the phase velocity: the larger amplitude, and thus larger

attenuation, near the top of the peak causes a reduction in the phase velocity and a

corresponding shift of the resonance to lower frequencies. However the sides of the peak

are not shifted, because the oscillations have low amplitudes at those frequencies, so the

overall peak shape is asymmetric and skewed to the left.

Figure 2 shows examples of distorted Lorentz peaks obtained from high-strain flexure

experiments in salt (data from Bulau et al., 1985). Despite the often considerable

asymmetry in the peak shapes, experimenters typically continue to estimate Q-1 by

measuring the peak width at the half-power level. In order to test for possible biases

introduced by this practice, we computed synthetic Lorentzian peaks through numerical

simulations of a harmonic oscillator with nonlinear attenuation. We use a simple finite

difference scheme and, as described earlier, take attenuation to be of the form (2). When

these simulations are performed for constant y, but increasing forcing amplitude, the

Lorentzian peaks become distorted and are indeed skewed to the left (Figure 3). However,

when we calculate Q-1 from these peaks using the expression Q-1 = (W2-O9)/r and

ignoring the peak asymmetry, the resulting values of Q-1 vary linearly with the maximum

strain amplitude max (Figure 4). The slope y computed from these Q estimates is

reasonably close to the yactually used in the simulations. In other words, application of

the linear concept yields the "correct" answer to an acceptable approximation. We conclude

therefore that Q measurements based on the half-width of distorted Lorentzian peaks

probably give reasonably correct results, even well into the nonlinear regime.

In principle, it might be possible to recover the arnpiitude dLpendence uf Q-1 (e.g. ;.

from a single Lorentz peak measurement by measuring the distortion of the peak. In order

to test this possibility, we considered a skewness parameter defined as s = (o92-or)/(wor-

w0). In our synthetic experiments, s increased with increasing strain but seemed to saturate

at about s=1l5. In contrast, the Lorentz peaks from the laboratory salt experiments (Figure

2) were more severely distorted with values of s up to 2 or higher. Thus, our simulations

were not completely successful in reproducing the shapes of some of the observed Lorentz

curves. This may reflect a limitation in our modeling procedure, or, alternatively, may

indicate that the attenuation in the laboratory experiments cannot be modeled as a simple

linear function of strain amplitude. In spite of this caveat, we conclude that resonant-bar

laboratory measurerncnts of ampiitude dtipendence of Q-1 are in fact a fairly accurate

characterization of the nonlinear material properties.



Pulse superposition experiment

The pulse superposition numerical experiments were motivated by results from some

small-scale laboratory experiments performed by Larson [19821. The laboratory

experiments were intended to test whether linear superposition applied to the propagation of

pulses with maximum strain of about 7 x 10-4 . At this strain level, substantial departure

from linear superposition would he expected. In the laboratory experiments, two nearly

identical explosive sources were simultaneously detonated approximately 10 cm apart in

pressed salt, and the velocity waveforrs were recorded along the plane of symmetry

between the sources. These velocity recordings were obtained at a source-receiver distance

comparable to the separation distance between the two sources,:. The resulting velocity

records from the combined explosions were in each case in very close agreement with the

sum of the velocity records from the individual charges.

The above result was interpreted as evidence for the applicability of linear superposition

in wave propagation in salt at relatively high strains. This is in apparent contradiction to

other laboratory measurements in the same material, which consistently show evidence of

amplitude-dependent losses at comparable strain levels. An alternative interpretation,

which we examine in this section, is that an experiment of this type is simply not sensitive

to deviations from linearity.

To address this issue, we describe a series of numerical simulations of pulse

propagation. The numerical expetiments are for plane waves in a simple nonlinear

rheology which nevertheless mimics the laboratory-observed amplitude dependence of Q as

summarized earlier.

The model for nonlinear attenuation is constructed in two steps. First, we use the Padd

approximant method of Day and Minster [1984, 19901 to convert the stress-strain relation

of a linear, anelastic solid, with frequency-independent Q, into differential form. Minster

1 1978aJ shows that an absorption band, with Q nearly constant at Qo, and with minimum

and maximum relaxation times r, and r2, respectively, yields the following relation

between stress history, a('t) and strain history, &(t)

of j) N, I - (I - e -( r) drI( t) ,(6)
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where M, is the unrelaxed modulus. Day and Minster show that (6) can be approximated

by

where the (;'s are relaxation terms governed by the n linear equations

- - Q 0i I Q (t) (8)
(it r "

The constants v, and wi which depend on the order of approximation, ni, are given by Day

and Minster [1984, 1990], who also show that the operator defined by (7) and (8)

converges to the exact result (6) as n increases.

The second step is to generalize (8) by introducing a linear dependence of Q0 on strain

amplitude according to (2):

d j
-- + Vii= - Q.,+ 0)E(t) (t) (9)

Then, (7) and (9) constitute the stress-strain equations for our set of one-dimensional finite

difference simulations.

The source is a velocity pulse -in agreement with Larson's experiments- with time

history

v(t) = 0.5 [1 - cos(27rtT))] , 0o<t<T (10)
0, t<O or >

introduced at a plane boundary. Figure 5 shows the velocity time histories at 5 different

distances from the source, for a calculation in which Q, is 1000 and the product of I and

the maximum strain at the source is equal to 0.3. 'n other words, the amplitude

dependence is such that Q assunies a minimum value of about 3 near the source. As a

result of the very low effective values of Q, the plane wave amplitude attenuates rapidly

with distance of propagation. Furthermore, the amplitude dependence of the attenuation

causes the pu!se to evolve into a distinctive shape, with an initial steep rise, followed by a

more gradual slope. The break in slope is not present for the linear attenuation model (i.e.,

= 0). As in the case of the distorted Lorentz peak.i, we can offer a simple explanation for



this peculiar pulse shape: the crest of the pulse has large amplitude and is thus associated

with low Q, and therefore low phase velocity. Consequently, the crest of the wave gets

progressively delayed with respect to both the low amplitude onset and tail of the pulse.

Figure 6 shows the corresponding time histories when two plane waves traveling in

opposite directions interact. In this case, identical velocity pulses of form (10) were

introduced simultaneously, separated by 20 times the initial pulse width (travel time

separation of 207). Figure 7a compares the two-source waveform, at the midpoint, with

twice the single-source waveform. This is the one-dimensional analogue of Larson's

laboratory superposition experiment. As in the laboratory experiment, the numerical

experiment shows near-perfect agreement. Finally, Figure 7b compares the two-sourte

waveforms, after pulse interaction is completed, with the single-source waveform. Again,

agreement is very close: although the cffect of imperfect superposition is visible in the

theoretical calculation, it is small enough that it would be masked by experimental

uncertainties. Comparable results were obtained in this comparison when destructive,

rather than constructive, interference between the sources was present in the numerical

experiment.

These results show that this type of experimental observation is not diagnostic of

deviations from linearity. This insensitivity apparently results because the pulses

superpose only briefly as they cross. For the amplitude-dependent relaxation model, this

brief interaction is insufficient to discernibly perturb the individual source pulses. This is

so even though the individual pulses themselves have been substantially modified as a

result of the nonlinearity of the model.

Spectral ratios
One of the standard methods for estimating Q from seismic observations is the spectral

ratio method. For amplitude-independent attenuation, the spectral attenuation of a plane

wave is exponential in the frequency,f, and propagation distance x,

T(fx) = e- flcQ (11)

where c is the wave speed. Then, if we assume that Q is approximately frequency-

independent, the logarithm of the spectral ratio of observations at distances x, and x2 is

linear in the frequencyf:

log4Vn-) = r - -9 fVI InlO cQ (12)



The Pad6 approximant method reproduces this behavior of frequency-and amplitude-

independent Q models, as shown by Day and Minster [19901. In this section, we examine

the effect of amplitude dependent Q on spectral ratio measurements of plane waves.

Numerical experiments are performed using a displacement -rather than velocity- source

pulse of form (10). One complication which we examine in particular results directly from

the introduction of nonlinearity, and concerns the possibility of energy transfer from one

frequency component to another.

For comparison purposes, and as verification of the numerical method, we present

results for a linear (amplitude-independent Q) calculation, with Q equal to 20, in Figures 8

and 9. Figure 8 shows displacement time histories at distances of 4, 12, and 20 times the

source pulse width (i.e., 4cT, 12cT, and 20cT). Figure 9 shows the corresponding spectra

divided by the source spectrum. Note that, over most of the frequency range plotted, the

spectral ratios follow the log-linear relationship of Equation 12, as expected. Also note that

all spectral ratios approach unity in the low-frequency limit, to very high accuracy. This

agrees with the usual "linear" reasoning that when the wavelength exceeds the propagation

distance, then attenuation has little chance to affect spectral amplitudes.

Figure 10 shows time-domain displacements for a nonlinear calculation, with Qa equal

to 1000 and the product I' X Emax] equal to 0.3, i. e., Qmin - 3. The most notable

difference between these time-histories and those for the linear case is that the tail of the

pulse is of shorter duration in the nonlinear case, making the pulse more symmetric in

appearance.

The spectral ratios given in Figure 11 show a substantial deviation from the linear case,

however. The most important difference is that the spectral ratios in this case do not

approach 1 at zero frequency. At a distance of 4cT, the zero-frequency spectral value is

only half of its value for the source pulse, and the zero-frequency spectrum continues to

diminish by a further 15% as distance increases to 2OcT. Furthermore, at least in some

cases, the attenuated spectra have a slight peak, which means that the pulse does not remain

unipolar as it propagates, a phenomenon which can be detected in the pulse shapes shown

on Figure 8. This low-frequency behavior is a nonlinear phenomenon which has no

counterpart in the linear case.

The other distinction between spectral ratios for the linear and nonlinear cases is the

increasing slope in the nonlinear case above a frequency of about ]IT. This is a

consequence of the amplitude dependence of the attenuation mechanism. High frequencies

associated with the discontinuous acceleration at the onset of the displacement pulse are

relatively less attenuated in the nonlinear case, because the pulse onset is associated with

relatively small strain amplitudes. The spectral ratios for the nonlinear case are further

10



distorted as the frequency approaches 21T, as a result of energy transfer from one

frequency band to another. The source spectrum has a null at 2/T, and nonlinearity causes

a small amount of energy leakage into this band. While the effect is relatively small, the

presence of a null in the source spectrum results in a large effect on the spectral ratios in the

vicinity of 21T. As with the low-frequency behavior, these high-frequency phenomena

have no counterpart in the case of linear attenuation models.

For nonlinear simulations with somewhat smaller values of 2, similar phenomena

occur, but are correspondingly less pronounced. For [2 X Emaxi equal to 0.1 (Qin = 10),

for example, the zero-frequency spectral ratio is about 0.8 at a distance of 20cT.

The numerical experiments also provide evidence that the behavior of the low-

frequency spectral components is likely to be sensitive to the shape of the source pulse.

For example, simulations verify that a unipolar velocity pulse propagates in the present

model without reduction of the zero-frequency spectral component, in contrast to the above

results for a unipolar displacement pulse. In other words, in the nonlinear model,

integration does not commute with the attenuation operator, as must be the case for all

linearly anelastic models. This means in particular that nonlinear pulse propagation

characteristics depend on the shape (i.e. the spectral content) of the pulse itself.

Yet another method for estimating Q-1 from pulse propagation experiments is to map

directly the rise time of the pulse into attenuation estimates through:

T;= fo + C t Q-t (13)

where , is the rise time of the attenuated pulse, iP the rise time of the input pulse, and t, is

the (unrelaxed) travel time. Here C is a constant equal to approximately 0.5, as shown by

several authors [e.g. Gladwin and Stacey, 1974; Minster, 1978b; Kjartansson, 19791.

Stewart et al. 119831 used the technique in high-strain experiments to demonstrate

amplitude dependence of Q-1 in dry Berea sandstone. The pulses shown in Figures 5 and 6

illustrate the problem we have in verifying this relation for the nonlinear case. Because of

the peculiar distortion of the pulse, the rise time is not easily defined using the tangent at the

inflection point as defined by Minster [1978b]. Further, for linear mechanisms, not only

the rise time, but all time scales within the pulse scale with a certain power of tuQ -1 as

shown by Minster and Vassiliou [ 19791 and Minster [19801 (The exponent depends on the

frequency dependence of Q). It is easy to verify that these simple scaling laws are not

obeyed by the pulses shown here, which raises the question of how the high-strain

laboratory data should be interpreted. It is possible, however, that scaling laws might be
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obeyed reasonably well by pulses with a different shape, more similar to those generated in

the laboratory experiments.

An issue of some importance is that although the algorithms satisfy the basic laws of

continuum mechanics, it is not guaranteed that they simulate the rheology of any real

material. The application of amplitude-dependent properties in a completely local mode -

both in space and in time- remedies objections raised to the treatment of the same problem

by Minster and Day [19861. However, the drop in displacement pulse spectral amplitudes

at DC is somewhat counter-intuitive, intriguing, and peculiar to the nonlinear regime. This

behavior is quite different from that of the classical linear "Q operator", which preserves the

area under a unipolar displacement pulse as it propagates and attenuates. The nonlinear

calculation does not preserve this area, nor does it preserve unipolarity. This caused us to

become concerned about the application of the boundary condition at one end of the one-

dimensional medium. A finite-duration force applied to a boundary would immediately

produces a displacement pulse with a tail which, strictly speaking, is of infinite duration

(i.e., decays asymptotically to zero). In other words, we introduce a finite-duration pulse

in a medium that is incapable of supporting one, which is true even in a linearly anelastic

medium. Thus, our finite-duration displacement pulse implies a forcing function of infinite

duration, and rather artificially shaped to suppress the late-time displacement at the source.

While the spectral ratios for a linear Q model are insensitive to the nature of the forcing, in a

nonlinear model they will depend on its time-history and amplitude. There exists therefore

a possibility that, in the nonlinear case, the boundary condition interacts with the outgoing

pulse in a way that could affect the spectral analysis. This is intimately related to the issue

that the propagation is pulse-shape dependent, so that use of an artificial input pulse could

cause strange results.

As a check, we constructed a composite one-dimensional medium by adjoining a linear

elastic section to the nonlinear one. A displacement pulse of the form (9) was then created

in the elastic section, and the total linear momentum in the system calculated at a time when

the trailing edge of this pulse was clearly detached from the boundary, but its leading edge

had not yet reached the nonlinear section. At this time, no more work was performed by

the boundary condition, and the end node could be left free. At the interface between the

elastic and nonlinear media, this incident pulse generates both a reflected and a transmitted

pulse, and the transmitted pulse was attenuated as described previously, in a way that

preserved the total momentum in the system. This is an indication that the simulations are
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dynamically correct, but it says little about the thermodynamics of the system, other than it

is clearly lossy.

At first glance, a somewhat surprising aspect of field observations is that linear

attenuation models should perform reasonably well in explaining data which we feel certain

to be contaminated by nonlinear effects. This is true, for example, of the SALMON data

modeled by McCartor and Wortman [1985, 19891, of the COWBOY data used by Minster

and Day [19861, and of the laboratory data for pressed salt collected by Larson [ 19821. We

feel that a plausible reason is that the main effect to be explained is the combination of pulse

broadening and amplitude decay with increasing distance: linear Q models offer enough

flexibility to accommodate a fairly wide range of observations, provided that one is willing

to chose rather extreme models (e.g. Q-1 >0.1 in the nonlinear zone). On the other hand,

a straightforward spectral analysis -a linear technique- of SALMON near-field data led

McCartor and Wortman [1989] to the conclusion that effective Q is anomalously low at low

frequencies, in qualitative agreement with our results on low-frequency spectral ratios.

However, since such Q values are much smaller than the typical laboratory values

measured on the same rocks, the physical meaning of these models is questionable. In

fact, in cases of extreme attenuation, it is debatable whether the concept of Q is useful in the

first place. In the case of data collected within the "elastic radius"--such as the SALMON

data- the physical explanation offered by Sammis [19891 which ascribes the pulse

broadening to damage mechanics, as developed by Ashby and Sammis [1989], seems a

good candidate. In particular, it incorporates scale effects explaining why comparable

pulse-broadening is not seen in small-scale explosions in dry rock [e.g. Nagy and

Florence, 1986, 1987, 19881. On the other hand, whether this explanation, primarily

intended for granite, is also appropriate for salt is open to question.

As we have seen (see Figure 7), the puzzling fact that Larson [19821 observed apparent

linear superposability of pulses in salt with peak strains in excess of 10-4 is not so

surprising after all. This superposability test is simply too weak a test of linearity. As

argued by Savage and Hasegawa [1967], a more general test of linear superposition, and

thus of linearity, would be achieved by comparing the attenuation of both sinusoidal and

non-sinusoidal disturbances in the spectral domain. (They used this technique to reject the

variable-friction mechanism originally proposed by Knopoff and MacDonald [1958] as a

candidate for attenuation of low amplitude seismic waves.) This technique might be adapted

to our present problem by comparing spectral decays from free vibrations of a test bar in

the laboratory [e.g. Bulau et al., 19851, with those estimated from travelling pulses as

measured in Larson's [19821 experiments. In point of fact, the forced resonance curves
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measured by Tittman and his co-workers in essentially the same material, are increasingly

distorted as strains increase beyond 10-6, a clear indication of nonlinearity.

Implications for explosion sources
In order to achieve any sort of predictive capability concerning coupling and coupling

variability of underground explosions, one must be capable of constructing numerical

models that simulate the expected radiation field under various hypotheses. Considerable

research and development has been targeted at this problem over the past 30 years, and

models have reached a remarkable level of sophistication [see for example, Cherry et al.,

1975; Bache, 1982; Cherry and Rimer, 1982; Day et al., 19831. Most of this effort has

been aimed at modeling accurately the regime prevalent immediately around the cavity,

where extreme nonlinear damage takes place because the loading path crosses the yield

surface. As noted earlier, some controversial aspects remain, particularly concerning the

effect of dilatancy [e.g. Nikolayevskiy et al., 1978; Cherry and Rimer, 1982; Bache,

1982; Scholz, 1982]. The potential implications of the simulations described in the

previous section for the characterization of explosion sources are several. We shall

summarize them in this section.

If we assume that y-113 scaling with yield holds [e.g. Trulio, 1978; Larson, 1982],

nonlinear rheology may well prevail to scaled slant ranges as large as 102-103 mkg- 1 3 [e.g.

Minster and Day, 19861. In contrast, numerical models of explosive sources usually

assume the rheology to be linear beyond the so-called "elastic" radius, where the stress-

strain path followed by material particles ceases to intersect the assumed yield curve; this

may happen at strains as large as 10-4 [e.g. Cherry et al. 1975; Cherry and Rimer, 1982].

Therefore, there has to exist a domain surrounding the explosion, where the peak strains

are not so large as to cause failure of the medium, but large enough to trigger nonlinear

attenuation mechanisms. This conclusion was reached by Minster and Day [1986] and is

not invalidated by our present results.

In cavity-decoupling scenarios, complete decoupling is defined by the condition that the

cavity wall is not subjected to stresses high enough to cause it to yield [e.g. Larson,

19851. However, this definition does not preclude loads high enough to cause nonlinear

attenuation. In fact. if complete decoupling were defined in terms of truly linear behavior

of the cavity wall, then it %k. kid require such large cavities as to be impractical [e.g.

Archambeau, 19851. These issues are discussed in detail in the proceedings of the June,

1985 DOE workshop held in Pajaro Dunes, California [Larson, 19851. An important

issue, from the point of view of source theory is whether this has a significant effect on

observable teleseismic waves, and particularly on coupling in the 1 Hz band, since this is
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what controls magnitude estimates. Some of the results presented here indicate that this

might indeed be the case, but because the solution to one nonlinear problem cannot be

safely applied to another problem, there remains an uncomfortable margin for uncertainty.

We have therefore clear reason to think that we observe the seismic source through a

screen consisting of a nonlinear zone in the immediate vicinity of the source. If Q-1

increases very strongly with increasing amplitude, (i.e. the medium is strongly nonlinear),

then we should expect amplitudes to decrease very rapidly with range close to the source,

and drop to linear levels almost immediately. On the other hand, in the case of mild

nonlinearity, high amplitudes will persist to larger ranges, being controlled predominantly

by geometrical spreading, and the size of the nonlinear zone could be much larger. In the

former case, intuition would indicate that the dimension of the nonlinear attenuating zone is

much smaller that teleseismic wavelengths, so that telescismic waves might not be affected

very much; in the latter case, the converse might be true. Unfortunately, the disquieting

result shown on Figure 11 is that nonlinear rheology can affect the spectral content of a

source pulse at all wavelengths. This means that even a small nonlinear zone-say, a

fraction of a wavelength thick- has the potential to affect significantly the effective source

spectrum at teleseismic frequencies of interest. In particular, we cannot rule out the

possibility that body wave magnitudes (and therefore yield estimates) might be affected for

all explosions, large and small. To complicate matters, if the relevant physical mechanism

is indeed due to friction between crack surfaces in the rock, then one should have to

account for differences in attenuation above and below the explosion, due to the differences

in confining pressure; this suggests that if nonlinear attenuation is important at all,

spherically symmetric models will not suffice to describe its effects on the far field

radiation.

On the other hand, we view such intuitive arguments with considerable caution when

nonlinearities play a role. In particular, we must emphasize that quantitative results obtain

from one-dimensional simulations cannot be used to infer quantitative conclusions for even

the simplest (spherically symmetric) three-dimensional case. This is because geometrical

spreading cannot be accounted for after the fact, but must be introduced in the heart of the

calculation, where it does not commute with attenuation. Furthermore, we have noted that

the spectral ratio results shown in Figure 11 are pulse-shape dependent. This means that,

except in a qualitative sense, firm conclusions concerning the impact of nonlinear

attenuation on the effective source will require true three-dimensional simulations using a

realistic source function.

One constraint on any nonlinear rheological model, as discussed by Minster and Day

[19861 and also by Trulio 119851, is that it must not violate the empirically verified yield
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scaling laws. Only rate-independent rheologies will not destroy scaling, and even a linear

Q model, sensu strito, does introduce a rate-dependence through the physical dispersion

required to satisfy causality. This means that large expiioni which generate a wavefield

considerably enriched in lew frequencies re!ative to small ones, "see" a slightly different

medium after the y-113 scaling is applied. In practice, the main reason why a linear Q

model, even with extreiely low Q values, does not invalidate the scaling laws is that the

physical dispersion associated with attenuation is not severe. Since our calculations show

that the characteristics of nonlinear pulse propagation are pulse-shape sensitive, a special

set of three-dimensional simulations will be required to verify the scaling is preserved.

On the other hand, Murphy [1989, personal communication] points out that observed

teleseismic moment estimates for nuclear explosions are in quite good agreement with those

expected on the basis of cavity dimensions. This should not be the case if nonlinear effects

are significant. This comment has considerable merit, but is not necessarily in direct

conflict with the results presented above. The one-dimensional simulations do not deal at

all with near-field effects, and only show that the final (static) displacement field-

including the final cavity size- is reached according to a history (time function) that

depends on range in a more complicated way than we typically assume, and is affected by

the local nonlinear rheology. Strictly speaking, the moment is not affected. On the other

side of the issue, Evernden et al. 119861 argue that the equivalent elastic radii inferred from

teleseismic corner frequency measurements for many explosions in different media are

larger than those predicted from finite difference models adjusted to fit near-field

observations [e.g. Rimer and Cherry, 19821. Further, these authors used a very simple

source representation due to Sharpe [19421, in which a step function pressure of amplitude

Po is applied at an elastic radius R0 , where P0 should be comparable to the effective

compressional strength of the material. They conclude that values of PO required to fit the

data fall well below the rock strengths used in the numerical models, and the values of Ro

are larger than the numerical "elastic" radius. This may suggest either unsuspected

weakness of the surrounding material near explosions detonated at NTS and other U.S.

sites, or unmodeled nonlinear behavior extending to larger distances from the source.

Because most rocks exhibit nonlinear amplitude-dependent attenuation at moderate to

high strains and relatively low confining pressure, the transition to the elastic regime in the

vicinity of an underground explosion involves a nonlinear zone separating the classical
"elastic radius" from the truly linear (anelastic) far-field regime. Modeling the wavefield

within that zone is difficult because we cannot use the usual mathematical techniques
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which, for the most part, depend on the principle of superposition, and therefore on the

assumption of linearity.

The simple numerical experiments described in this paper lead us to one major

conclusion, namely that the effects of nonlinear attenuation on wave propagation are not

easily predicted by simple arguments, even after simulation. In some instances of interest,

such as the evaluation of Q-1 from Lorentz peaks, nonlinearity seems to have only a modest

effect. Similarly, some departures from linear pulse superposition are not very severe. On

the other hand, the results demonstrably depend on the initial pulse shape, so that it is

necessary to assess each problem through a separate calculation using the correct geometry

and the right pulse shape. It is a measure of our lack of reliable insight into this class of

nonlinear wave propagation problems that even the simplest simulations are not easily

interpreted, and that the inferences one can attempt to draw concerning more realistic

situauons remain somewhat tentative.
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Fig. 1. The shape of the Lorentz peak for: (a) linear attenuation, and (b) amplitude

dependent attenuation.
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Laboratory Salt Data
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Fig. 2. Distorted Lorentz peaks obtained from flexure experiments in dome salt Data
generated by Bulau and Tittman [ 1983, personal communication]. Samples were
flexed at 480 Hz under 1.36 x 107 Pa effective pressure. Each resonance curve
has been rescaled and aligned to a common peak for this plot, in order to illustrate
the distortion at large strain amplitude. In order of increasing strain amplitude,
the four curves correspond to a) e = 1.3 10-7, Q = 495, b) e = 65 10-7, Q = 403,
c) e = 2.6 10-6, Q = 319, d) e = 6.3 10-6, Q = 242, where Q is estimated from

the peak width at half-power.
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Non-linear attenuation (Q - ,-= + y/e/)
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Fig. 3. Synthetic Lorentz peaks obtained from a numerical simulation of a simple

harmonic oscillator with attenuation varying as Q1= 0.01 + 140 e, where e is
the strain amplitude.
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Measured attenuation vs. maximum strain
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Fig. 4. Attenuation as measured from the curves shown in Fig. 3 using the relation Q-1=

(wa2-WO)/or at the half-power level, plotted against maximum strain amplitude.
Apparent Q-1 varies linearly with ema=. The slope of this line implies a yvalue of
about 150, very close to the actual value of 140 used to generate the curves
shown in Fig. 3.
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Fig. 5. Velocity time histories at four propagation distances, for a nonlinear simulation

with Q, equal to 1000 and I x eax equal to 0.3. A plane wave is incident from

one direction, as shown. The prescribed time history at distance 0 is shown at the

far left; all times are scaled to the source duration, T, and all distances are scaled

to the product of wavespeed and source duration, cT.
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Fig. 6. Velocity time histories at three propagation distances, for a nonlinear simulation
with Qa equal to 1000 and ? x e,.a equal to 0.3, as in the previous figure. In this

case, however, plane waves are incident from both directions. Location C is the

midpoint between the source points. Times and distances are scaled as in the
previous figure.
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Fig. 7. (a) The velocity time histories at location C (midpoint). Results are compared for

the single source simulation, multiplied by 2 (dashed curve), and the interfering

sources simulation (solid curve). (b) Same as (a), but for location B.
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Fig. 8. Displa,ement time histories for a linear (amplitude-independent Q) simulation,
with Q equal to 20. The source time history is the derivative of that shown in
Figure 5 (i.e., the source displacement has the same form as the source velocity

shown in Figure 5).
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Fig. 9. Spectral ratios for the amplitude-independent Q simulation shown in Figure 8.

Each curve is the spectral amplitude of the corresponding displacement time

history from Figure 8, divided by the spectral amplitude of the source

displacement.

31



1.6-

Source

1.4- - - -
A B C

1.2 - I I - I I 1 -1
0 4 8 12 16 20

Propagation Distance

1.0 Initial Pulse Width

0.8

0.6A
~A

0.4
B

0.2 - C

0.0 00I I I I I 1 I

0 10 20 30 40

Time/Source duration (t/T)

Fig. 10. Displacement time histories for a amplitude-dependent Q simulation, with Qa

equal to 1000 and the product [I x e,,..] equal to 0.3. The source prescription is

the same as for the linear simulation depicted in Figure 8.

32



100

A

- 10-1 B

C

10 2 I I I I I I I I
0.0 0.4 0.8 1.2 1.6 2.0

Frequency (IT)

Fig. 11. Spectral ratios for the amplitude-dependent Q simulations shown in Figure 10

Each curve is the spectral amplitude of the corresponding displacement time

history from Figure 10, divided by the spectral amplitude of the source

displacement.
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